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Abstract 

After adding auxiliary fields and integrating out the original vari¬ 
ables, the Yang-Mills action can be expressed in terms of local gauge 
invariant variables. This method reproduces the known solution of 
the two dimensional SU(N) theory. In more than two dimensions the 
action splits into a topological part and a part proportional to a*. 
We demonstrate the procedure for SU{2) in three dimensions where 
we reproduce a gravity-like theory. We discuss the four dimensional 
case as well. We use a cubic expression in the fields as a space-time 
metric to obtain a covariant Lagrangian. We also show how the four¬ 
dimensional SU{2) theory can be expressed in terms of a local action 
with six degrees of freedom only. 
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1 Introduction 

One of the fascinating properties of certain quantum field theories is the 
existence of a strong-weak duality of the coupling constant |]l|. Recently, 
various novel dualities were discovered both in the context of supersymmetric 
gauge theories]^, H] and topological held theories as well as in string 
theories|0]. In certain theories, like the compactihed boson in 2D or the 
abelian gauge theory in 4D, the duality transformations were performed by 
adding auxiliary helds and integrating out the original variables ^ 

In this paper we explore this procedure in non-Abelian non-supersymmetric 
Yang-Mills theories. It is well known that the latter do not possess a strong- 
weak duality invariance. (In fact such a duality is usually meaningless when 
the coupling constant is running.) However, the exciting exact results de- 
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rived recently 0 taught us that the study of the resulting action in terms of 
the auxiliary helds maybe very fruitful. 

After the integration over the original variables, the resulting action can 
be expressed in terms of local gauge invariant variables. Having a gauge 
invariant description could be important for the large N limit of SU{N) 
Yang-Mills theory. The correlation functions of proper gauge invariant vari¬ 
ables vanish as 1/iV^ and thus those variables can be considered classical 
(Obviously, not every gauge invariant variable has this property). This is 
the essence of the original master-held ideaf^. In the approach of Migdal 
and Makeenkop, ^ the gauge invariant variables are the non-local Wil¬ 
son loops. More recently. Gross and Gopakumar[^ suggested a different 
approach where the master held is local but not gauge invariant. This mas¬ 
ter held corresponded to the gauge held but as a non-commutative random 
variable. 

In the present paper we obtain actions with local gauge invariant variables 
for the SU{2) theory. 

In two-dimensions we obtain, by the above procedure, the SU{N) parti¬ 
tion function on a torus. This corresponds to the well-known result [pY[| |]l8 


which is given as a sum over representations of SU{N). In our case, each 
representation corresponds to a diherent conhguration of the auxiliary held 
(whose value becomes quantized). 

In more than two dimensions the action that we obtain splits into a 
topological held theory plus a term proportional to the coupling constant 
The topological held theory describes the hat gauge conhgurations at 


a 


as = 0. We demonstrate this by reproducing Lunev’s result for the three 
dimensional SU{2) theory. It is expressed as a theory similar to 3D gravity 
(the topological part) plus a non-covariant coupling proportional to as- 
The topological held theory of hat gauge connections was introduced in 
in relation to 2D topological gravity. In pO theories of hat gauge con- 


IS 


nections of diherent groups and for D > 2 where written down. The 2D cases 

El 


were then discussed in 21 221. In 


the exact instanton expansion of the 
2D partition function was obtained by expressing the action as a topological 
perturbation (proportional to a*) to the hat gauge connection theory. The 
topological theory of hat gauge connections in 4D was recently discussed 
in||23|| in relation to a twisting of the super-symmetric iV = 4 Yang-Mills 
theory. 

Gontinuing to 4D in gauge invariant variables, we obtain an expression 
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for the SU{2) action in terms of a (non-positive) metric and a chiral 
spin-2 held. We then show that we can restrict to conformal metrics and 
thus obtain a description of SU{2) in 4D in terms of a local action of six 
gauge invariant helds only. 

Historically, our procedure was pioneered by Halpern[|T^, [T^. In par¬ 


ticular, our starting point is Halpern’s 1977 held strength formulationof 
Yang-Mills. Halpern also used this formulation to obtain a gauge invariant 
formulation ||13|| of the self-dual sector of Yang-Mills, which is a prototype of 
our gauge invariant formulation of the full theory. The held strength formu¬ 
lation was also employed by Fradkin and Tseythn|p.6|| In the gravitational 
description of 3D SU{2) was found. In a gravity-like theory of 3D SU{2) 
was found, but it seems diherent from our description. In a recent work 
more relations between gravity and Yang-Mills theories are discussed. 

The Hamiltonian approach to the gauge invariant description of Yang- 

IUHO 


Mills is very interesting 


In this approach the metric is spatial 


and the wave functional can be factorized p7| . 

The paper is organized as follows. In section (2) we describe the general 
framework. In section (3) we rederive the 2D partition function of SU{N) 
on a torus. In section (4) we discuss SU{2) in 3D and rederive Lunev’s 
result. Section (5) is devoted to SU{2) in 4D. We show how SU{2) can 
be expressed with only six helds - a chiral spin-2 held and a spin-0 held. 
Appendix (A) describes the topology of the auxiliary helds for SU{N) in 
2D. Appendix (B) describes an algebraic prescription to rewrite the action 
in gauge invariant variables (which we use in section(4)). Appendices (C-D) 
describes the detailed calculations for the 4D case. 


2 Reformulation of the theory 

We start with the Euclidean partition function in a D dimensional space with 
a metric 

zlSj = I lVA,]lVF,.]lVG,.]exp{- 1 

where is treated as an independent held, is an anti-symmetric La¬ 

grange multiplier and is the strong coupling constant. The anti-symmetric 
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structure constants are defined as usual 


[T“,T'’] = (2) 

We proceed for simplicity on a flat toroidal space-time. Integrating over 
we obtain 

= J [VA^] [VG^,]e- f ^3^ 

This action is quadratic in ^4“ and the quadratic matrix 

(4) 

is local in the new held variable For D > 2 and a generic held con- 

hguration it is also a non-singular matrix and we can dehne its inverse 

{G-Xi-- 

(G-XXGtr = (5) 

Integrating we obtain 

X 

The term d is invariant only up to a total derivative. After 
adding a total derivative we can write the Lagrangian as: 

- 2iXAGXtdX<rXr - ^iG-XuAX.dgXp 
= asXuGU + KG-Xid-X.dgXp 

- 2zd,[G%{G-X%Gl] 

(7) 


The same expression was obtained in[T^, [T^. To see that it is gauge invariant 
we note the following observation. If the independent variable were a 
held strength of some gauge held 






and if it satisfied an eqnation of motion (in 4D we could also use the Bianchi 
identity and let (7“^, be the original held strength, but we want to keep the 
dimension D general): 




we could solve for A,, and write 


(9) 


<=^(e-‘);XGt„ (10) 

Clearly transforms as a gauge held when transforms in the adjoint 
representation. We can thus dehne 

Gl, = dX - duAl - ( 11 ) 

which transforms like and we can write the Lagrangian as 

C = aXX% - ( 12 ) 

which is gauge invariant. The terms in (|^) that contain the inverse of Q must 
be accompanied with a prescription for the pole when Q becomes singular. 
For this purpose we have to add the gauge-breaking term —to the ac¬ 
tion before integrating, and then take t] ^ 0. This has the ehect of replacing 
with 

{g + iril)~^ = -i7r(5(det^)(adj^)sgn(tr{adj^}) (13) 

det g 

where adX= {det g)g~^. The addition to ^4“ is 

- i7r5(det ^)(adj^)“)) sgn(tr{adj^})a„G“^ (14) 

and it is seen that this addition does not change the gauge transformation 

properties of y4“. When we plug it in (^ we obtain 

c = aXx% + XXXXxX - XKXXX.X] 

+ 7r5(det(^)) sgYi{ti{ad]g])XQTXXo,udX[ip 

(15) 
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It is enough to add the pole prescription just in the term {Q ^)l^pdaG'^j^df 3 Gpp 
and not in the total derivative. It is easy to check that the addition 

7r5(det(^)) sgn{ti{&(l]g}){&(l]gy^pdaGl^dp&0p (16) 


Is gauge invariant by itself, because of the ^-function. 

When the determinant det(^) contains multiple roots (as will be the case 
for SU{2) in H = 3 in section (4) where the determinant is a third power 
of an algebraic expression, and for SU{2) in H = 4 in section (5) where the 
determinant will be quadratic) we will have to be more careful. We will deal 
with such a situation in chapter (4). 

We have seen that the terms in (|^) are local invariants. However it is 
an expression that contains derivatives, but doesn’t contain any gauge held. 
Thus it must be possible to write it in terms of local algebraic invariants of 
G^,„. We will demonstrate this in various cases in the next sections. 


At tts = 0 we obtain a topological held theory that describes hat gauge 
connections [^, ^ 


The Lagrangian 


liu 


thus describes a topological 


held theory. Furthermore, all the manipulations above have been done in 
a hat space. It is easy to see that if the term —^ f d^x{Fp^Fp^} were 
missing from (|I]) we keep general covariance, since we can write the Lagrange 
multiplier term in terms of forms only: 


JtT{G A{F-dA-[A,A])}d^x (17) 

where G is now a {D — 2) form. The measure depends on the space- 

time metric through its volume form. Since the integral is quadratic and we 
just substitute the solution of the equations of motion, we do not destroy 
covariance in the topological part of the action 


'^topo ~ ( 18 ) 

Thus, after we re-write —in gauge invariant variables, we obtain 
a topological held theory that has general covariance. When as = 0, only 
the term Y{x{deig{x))~^^'^ in (^ will break general covariance and behave 
as a density. We will indeed see in section (4) that for three dimensional 
SU(2) we reproduce Lunev’s result and obtain (a “close cousin” of) 
three dimensional gravity. Three dimensional gravity itself is known to be a 
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topological field theory B- For four dimensional SU{2) we obtain another 
topological held theory. Those theories describe hat gauge connections. 

We will start with a discussion of the well-understood two dimensional 
Yang-Mills theory in this formalism. 


3 Rederiving the 2D partition function for 
SU{N) on a torus 

Two dimensional Yang-Mills theory can be solved using several diherent 
methods see for instance O, 0, ^ 0. The partition function on a torus 
of area A, for a gauge group G is 

= (19) 

R 


where R runs over all representations of the group. It is important to mention 
that (|l^ is obtained after we sum over all G-hbre bundles in the functional 
integral. For a torus, the hbre-bundles are characterized by 7ri(G). Consider 
an SU{N) group for G. The diherence between SU{N)/Zn and SU{N) 
in (P!9D manifests itself in the functional integral in whether we sum over 
all N = ^7ii{SU{N)/Zj^) bundles or just the trivial bundle, since both 
algebras are the same. The representations R of SU{N) are labeled by sets 
of increasing natural numbers 0 < /i < Z 2 < ■ • • < ^N-i- The second Casimir 
is given by 

1 N-l 1 N -1 

G2(/i, ^2, • • •, In-i) = 7 ;^ (20) 

^ i=l i=l 


3.1 The SU{2) partition function on a torus 

Let us begin with SU{2) for which 

a = 1,2,3 

j^ahc _ 


( 21 ) 
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Choosing ga locally at x to be in the positive a = 3 direction, i.e. = 0 

and g^ = g, the matrix of the quadratic term in ^4“ in is then: 


/ 0 0 0 0 0 \ 


0 0 0 0 0 
0 0 0 0 0 0 


( 22 ) 


0 ig 0 0 0 0 

—ig 0 0 0 0 0 

VO 000 0 0 J 


It has two zero eigenvectors which force two delta functions Y{y=i 2 


after an integration over The remaining integral (over AD is Gaus¬ 
sian and gives 



(23) 


In the case that ga is in a general iso-direction we write 
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(24) 


a=l 


and obtain 


Wxa,GD) = '[[m.s) 


(25) 


where we used = 0. The product of delta-functions means that g 

is a constant field. However, there is an inhnite constant involved because 
the arguments of the delta functions are related by e^’^dfj^diyg = 0. Since this 
inhnite constant is independent of a* or g we disregard it! We decompose 
the measure 


= Y[dG'^^^{x) = l[{g{xfdg{x){d'^g{x)) (26) 


x,a 


X 


and obtain 


J dg{ J [Vg]e 



M2D) 

^{SU{2)) 


where A is the area of the torus. Since ^ is a unit iso-vector, we have the 
identity 



( 28 ) 




where n is the integer topological number of the map 


from our torus to S‘^. More precisely n is the rank of the map 

g* : H\S^,Z) H\E,Z) 


The functional integral [Dg] decomposes into a sum over integer n. For each 
n we have a number Vn which is the “volume” of the subspace of maps g°‘ with 
topological number n. The n„-s are universal constant numbers, independent 
of as- We assume that they are all equal, and we rescale them to one. We 
obtain 

^OO 

Z'tsuln = / <*» E (29) 

•^0 n=-oc 

where again the equality sign is up to a factor that is independent of as- 
Next we write 


57(2D) 

^(SU{2)) 


2 Jo 
1 /■“ 
2 J- 0 C 


dg Y. (e 

n=—oo 

00 

dg Y ^ 

n=—oo 


— 2asAg^-\-8gn7ri _j_ ^—2asAg^—8gn7vi'^ 


— 2asAg^+8gnni 


(30) 


We hnally obtain 



(31) 


which, after a Poisson resummation, differs from (^) by a constant This 
constant comes from the g = 0 contribution to the integral. If we had been 
more careful with the prescription to pass around the pole = 0 we would 
have obtained the extra We will show this now. 


3.1.1 The problem near g 

From the formula 

„ (wrong) _ 

^{SU{2)) — ^ 


0 


0 


00 

dg Y 

71=—00 


^—2asAg^+8gmTi 
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1 

2 


^-2ctsAg^ 


E i{9 


OO 

E' 

m=l 




Where as we should obtain 


i=oi.... 


( 32 ) 


(33) 


So (|3^ differs from the correct answer just by the contribution of m = 0 or, 
what is the same, from the 6{g) that appears in the sum over m. We claim 
that this 6{g) appears because of a wrong treatment of the (7 ~ 0 region. 

At (7 = 0 the matrix Q at (^) becomes zero. For a regularization we add 
—? 7 A“ to the original Lagrangian. We thus have 


C = 2a,77“f7“ - 2ie,,d^g^Al - (34) 

The inverse of the quadratic matrix 

= Z 77 “ 6 “'>^ 6 ^, + r75%, (35) 


is 

(36) 

Integrating out we obtain 


V 


_|_ g. 


;\d,gr + 




Agijf + g^) 


^abc 


9+9 


2 


9Vdu9^ (37) 


For 9^9 the second term produces the delta function that forces g^ = 
const , while the first term can be ignored and the last term produces the 
topological invariant. We see that for 77 S> ?7 indeed all topological sectors 
appear with the same weight (since the coefficient of 19 /^ 77 “ P in the hrst term 
is negligible). Thus for 77 7 ^ 0 we indeed get J2mj^o^i9 ~ However as 
g ^ 9 the first term |cl;i 77 “|^ damps the fluctuations of g^. The result of this 
is that the sum is finite, and we do not get the 6{g) term. 
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3.2 Generalization to SU{N) 

Let us choose a Cartan subalgebra of the Lie algebra and denote its generators 
by T* with i = 1,..., N — 1. The rest of the roots will be denoted by T". 
As in the SU (2) case, where we parameterized by g and we now 

parameterize by 

1 

A. = o';-- E H‘{gT'g-'r ( 38 ) 

^ i=l 

where J2iH'^T'^ is an element of the Cartan subalgebra which is conjugate to 
For generic the iL*-s are unique up to the Weyl group S^. g is the 
(generically) unique element from the coset 

g e SU{N)/U{lf-^ (39) 

where represents the Cartan torus in SU{N) that corresponds to 

our choice of Cartan subalgebra, g is represented by ^ G SU (iV) such that 
g = gh for h G 17(1)^“^. The matrix G{x) has now 2{N — 1) zero modes, 
two for each Cartan direction T*. The integration over in the zero mode 
direction will, as before, produce a constancy condition: 


d^H^ = 0, i = 


(40) 


Choosing locally at x, g{x) = 1 we find that the remaining terms deconple 
for each positive root a: 


iA'^e^^d^G “ + iA^°‘e^^d^G°' - a{i)W)A'^A 


—a 


(41) 


where 

After the integration we have in the exponent 


(42) 


y - TTTT^uuduG^d.G-^ 


= E 




re,, y WH^d,tT{grr^T'^}dM9T^r'T--} 




( 43 ) 
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and in front of the exponent we have 


1 


(44) 


which cancels with the Jacobian for passing from Ha to fli 
In fact, it is the well known square of the Van-Der-Monde of in an appro¬ 

priate basis for the Cartan subalgebra. 

At X, since ^(x) = 1 we have 

= -Y.HMT\T^r9-^d,g]} 

i i 


The exponent (|43|) reads, at x. 


^(^a(i)i/*)e^^tr{T ^g ^d^g}ii{T^g ^d^g} 

OL i 


(45) 


Since 

9~%9 = E TMT^9-%9} + E T-'^tT{T<^g-%g} + ^ T“tr{T-“^-ia^^} 


i 


a 


we can write the exponent as 


(46) 


M;,..l]//‘tr{T*|g 'd^i),g ‘a„g]} (47) 

i 


But the expressions 


^ J efg^tY{T[g ^df,g,g ^d^gg]}d'^x (48) 

are integers. In fact (see Appendix (A)) they are the pullbacks by ^ of a 
basis of the second integer cohomology group Z) back 

to the torus. So we write 

^ y g~^d^g]}d‘^x (49) 
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and ni,. 
left with: 


.. ,nAr_i characterize the topological sector of the map g. 


1 






We are 
(50) 


Using (see Appendix (A)) 


and snbstitnting 


we obtain 


tr{T*T^} = W 


1 

N 


ni ^ li ^ 




4W-1 




(51) 

(52) 

(53) 


where the A^! is the size of the Weyl group. Again the remaining terms in 
(HFil) come from carefnlly taking care of the points where the matrix Q is 
more singnlar than usnah These are points where '^ia{i)H^ = 0 for some 
root a. In our case, these are points where W = for some i ^ j, or 
hf* = 0 for some i. Those points must be excluded from the 5-function as in 
the SU{2) case. Dehning 


D{mi, ruTv) 

i<j 


rrii 


(54) 


We can write 

N-l a N-1 

= (55) 

i=l i=l 

Noting that D{mi,... ,m]sf) is invariant under permutations and that for any 
integer m: 

D{mi ,..., m]\f) = D{mi — m,..., rrijy — m) (56) 

We see that we can write ® 0 ) as 


1 

M 


E 

k ij 


g-|osAD(0,/i,...,Zjv) 


( 57 ) 


Which is the same as (^) with the above restrictions on H^-s. 
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4 Three dimensional SU(2) 


Proceeding to three dimensions, we wish to rewrite the YM Lagrangian in 
terms of only gange invariant variables. The following analysis resembles the 


case of self-dnal Yang-Mills in 4D given in 
We dehne the “ magnetic” held by 




( 68 ) 


The hnal variables will be bilinear in the held strength. We fnrther dehne 
the symmetric semi-positive matrix 


(59) 

We mention in advance a puzzle that might arise about our plan. It is 
known [^, ^ that in three dimensions the invariant bilinears Tij are not 
enough to completely describe a gauge conhguration that yields Bf. 
Namely, there can be two diherent conhgurations of with identical Tij 
but diherent Bf{DjBk)°‘ where Dj is the covariant derivative (although this 
is not the generic situation) |^. In our case, however, it is important to 
remember that the Tp-s are not bilinear in the original held strength but in 
the auxiliary helds, thus there is no conhict. 


4.1 The action 

In general the inverse matrix Q~^ can be expressed as a rational function 
in with a denominator that is det(^) of degree D{N‘^ ~ !)• For three- 
dimensional SU{2) we can reduce the degree from 9 to 3. This is related to 
the fact that det(^) is a third power of a cubic polynomial. Dehning 




(60) 

we have 

= det(Tp) 

(61) 

we get 


(62) 
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Plugging this in (|^) we obtain 



(63) 


where 



After integration by parts the topological part of the action takes the form 



(64) 


This reproduces the result of Lunevsince it is easy to check that if we 
take Qij = Tij to be the metric, then we can write 


(65) 


C = iy/gR 


where R is the curvature built out of the metric. We see that we get a 
topological theory (3D gravity) as expected. 

There are still two more things to be taken care of: The hrst has to 
do with the fact that A can have either ± sign, where as ^ is dehned to 
be positive. The second and related problem, is the prescription of passing 
around zeroes of A. 

4.2 Going round A = 0 

It remains to calculate the analog of ([T6|). Since det(^) is a cubic power, (^) 
has to be modihed. We can write 
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Now we can write the addition due to the pole prescription as 

5Cpp = 7rS(A) sgn(tr{adiK})K^f€ipkdpB^ejgidgBl' (66) 

We can put 

sgn(tr{adjir}) = -sgri^B^BI) = -1 (67) 

and obtain 

5Cpp = -Ti5{A)Kt^e,pudpBleggidgB'{ ( 68 ) 

which is invariant at points x where A{x) = 0 . At such a point there is a 

direction h* such that 


= 0, a = 1,2,3 (69) 

We can write the invariant projection matrix on this direction as 

(70) 


def^ . TikTkj — TkkTij 
Pi- = mrij = + 5ij 


iiTkkTu — TkiTik) 

which can easily be checked by diagonalizing Tij. Next, choose for simplicity 
h in the £3 direction, i.e. hi = We denote by i,j, k,... indices that run 
only on 1,2. We further denote 


and use 


def 




= Bp^Bl 


at a; = 0 
at a; = 0 


We hnd 


Kp^pkdpBteggidgBt = 


(71) 




Using the invariant projection operator we can write this as 


6Bpp TT6(^A')PpqPgi6jip€ikq(^dkTjg0iTp 

— -^dgTjkdtTii + -dkTigdiTjt — dkTjgdiTu) 


„ df^ ^ ^ _ 

lij Tlj^Tlj 


TikTkj — TkkTij 

1 (rji rji rji rji \ ' ij 

2 \-^kkJ-ll — J-kUlk) 


(72) 
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4.3 The full functional integral 


The local change of variables from Bf to Tij is of course accompanied by a 
Jacobian which joins with the factor 

^ (73) 


= const X |A| ^ 
(74) 

-ttstrjT})} (75) 


det(^) 

The Jacobian of the transformation is 

J(T) f l[S{T,^ - = const x det(T) 

i<j 


The functional integral now looks like 

1 


E 

sgn{A{x)) 


m,] n( 




)exp{- 


tS{T, 




A 


where the generally covariant integration measure is 


IK js n =rid Ar ■ n 

X V i<j X 


(76) 


i<j 


There are several problems with this action because of the sum over the 
sign of each A. The entire space is divided into regions separated by surfaces 
where A = 0. In each region, we have to sum over the global sign of A in that 
region. In the vicinity of the surfaces of zero A we have to put in the addition 
(|7^. The problems arise because of two reasons. First, when we choose the 
negative sign for A, the term contains an extra i. Since we have to 
multiply those terms for every x, there is a phase ambiguity. Furthermore, 
at the boundaries A = 0 and gives an infinite contribution. 

We will now propose a way out, though we do not know if it is really well 
dehned. The problems really started because we changed the order of the 
integration in (|lD, which is not absolutely converging. The pole prescription 
(|T^ makes the integral absolutely converging but is not enough to settle the 
phase ambiguity in ( 0 )- We propose to put the problematic term ^^ 7 = back 
into the exponential where it came from, by adding an invariant held 0 and 
write 


E 

sgn{A{x)) 


[Vcf)] / [DTij\exp{- 


A 


■7rJ(A)P(T,,)-«,tr{T}-*A302)} 

(77) 
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where we added the pole prescription term 7r6{A)P{Tij) from ([72D. The 
integration over 0 should be performed at the end, and can be done with a 
regulator —rjcfp. 


5 Four dimensional SU{2) 

In four dimensions, our invariant variables will again be bilinear expressions 
in the held strength. However, as there are D{D — l)/2 = 6 held strengths, 
there are 21 bilinear variables. Under 0(4) they decompose into real repre¬ 
sentations as 


(78) 


21 


1 ©1© 9 © 10 


(the two 1-s are and the 9 is the traceless symmetric tensor 

— (trace), and 10 = 5 © 5* where (5*) 5 is the product of two (anti- 
)self-dual parts (minus trace). The number of degrees of freedom minus gauge 
degrees is 3 * 6 — 3 = 15 so we have to use an overcomplete set of variables 
if we wish to use only bilinear variables and keep 0(4) invariance. 

Although the representation 5 describes self-dual tensors, there is a way to 
use it without the anti-self-dual parts. We will see shortly that a combination 
that is cubic in the held strength describes a (non-positive) metric which 
makes the held strengths 0“^, self-dual! 

5.1 Algebraic identities 

Our aim is again to write (|^) in terms of gauge invariant variables. We start 
with some interesting algebraic properties of our SU{2) variables. The alge¬ 
braic facts in this subsection, can all be checked with a tedious but straight¬ 
forward calculation. 

Recalling that 


The equation for the inverse is: 


(79) 


^ ^b ( def /-id 


(80) 
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The determinant is 

A 2 

det(^) = — 

Those equations were also found in |^. 
We further dehne a symmetric tensor 


O"" = ^^‘“'GUGl.Gi 


( 81 ) 

(82) 


(83) 

(84) 


As the notation suggests g^i, is a symmetric tensor (10 components) and 
is its inverse. We have 




4x4 




= -A2/3 
4 


(85) 


The A scalings in 
tensor. The metric 
strengths self-dual. 


8 ^) have been chosen so that gfj,^, will be a covariant 
has the important property that it makes the held 


1 


2 v^ 


= G“ 


flly 


( 86 ) 


Actually, the distinction between self-dual and anti-self-dual here is just what 
sign we take in y/g = ±|A^/^. Since the metric g^,^ is not necessarily positive 
dehnite, we can choose either sign, and we need to sum over a global sign, 
just like the summation over signs in the 3D case in (ffSl). 


5.2 Gauge invariant variables 

Up to now we have not paid much attention to the distinction between covari¬ 
ant and contra-variant tensors, because we were working in hat Euclidean 
space-time. Now that we have chosen the metric (^) we will make this 
distinction. The original held is by dehnition covariant. We now dehne 

^^a ^ ^ ^ ^a3,a 

^fiu ~ ^iJLV ~ j—9fia9ul3^ 

v9 
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From now on, raising and lowering of indices are with respect to 
We can write (|80D as: 


(87) 

The 10 helds of the metric plus the 5 helds of the traceless, ^f^j^-self- 
dual tensor 

( 88 ) 


form 15 independent variables, which is exactly the number of degrees of 
freedom that are left after eliminating the gauge degrees. We note, however, 
that the metric (^BD is not necessarily positive dehnite. 

The topological Lagrangian can be written in terms of the “metric” 
and the held W^yar- The resulting expression is rather cumbersome, and is 
described in appendix (C). We dehne 


$ =' 


AiucjT 

24 ^^ 


(89) 


$ is a scalar held which, given that metric, can be written in terms of the 
chiral spin-2 held W. We show this in Appendix (D). 

The non-covariant ag-dependent term is 


= + [g^iaguT - g^irgva)^} 

where we used (Bl) and 


(90) 


5.3 Reduction to conformal metrics 


So far we have a description with 10-1-5 helds. However, we can in fact, 
restrict to conformal metrics. What happens if in (P we restrict (5“^ to be 
self-dual? This corresponds to an original Yang-Mills action 


1 

Aas 


pa pa j4 


1 

40)^ 


pa pa jA 


(91) 
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Note that 6 angle is imaginary. When we restrict to a trivial S'[/(2)-bnndle, 
the instanton nnmber is zero and we may drop the 6*-term. For non-trivial 
bnndles, we have to be more carefnl in the [^>^4^] integration in that 
prodnces (0) •We will elaborate on those matters in a later work||36||. Note 
that when the G“,^-s are self-dnal y/g ^ 0 everywhere, the instanton nnmber 
mnst be trivial since the three helds G 14 , (^ 245^34 linearly independent 
and establish a frame of the associated rank-3 vector bnndle. 

When is self dnal, the metric is conformal: 


. is self dnal, the metric ( 


(92) 


(This fact was already pointed ont in [Q). The action can thns be expressed 
in terms of the six fields: the spin-2 self-dnal (5 helds) and the spin-0 

f). The resnlting action can be derived from the formnla in appendix (C). 
This will be described in more detail in a fntnre pnblicationp6|. 


6 Discussion 


Extending early work by Halpern[?] we have explored the description of Yang- 
Mills theory in terms of the anxiliary “dnal” variables. We have seen that in 
two dimensions this formalism reprodnces the known solntion|T7|, p!8| of the 
torns partition fnnction. The conjngacy class of the dnal held becomes con¬ 
stant (over space) and qnantized. The snm over representations of SU{N) in 
P^ , 0 corresponds to a snm over the qnantized valnes of the conjngacy class 
of the anxiliary held. This may be compared to an instanton expansion [^| 
which gives the Poisson resnmmed partition fnnction. 

In the three dimensional SU{2) gange theory, we showed that the action 
can be expressed as a snm of 3D gravity]^ pins a non-covariant conpling. 
We have seen that there is an extra non-covariant contribntion from the 
(det^)“^/^ in (|^) which arose from the Ganssian integration. 

The generalization to 4D is interesting becanse it separates the action 
again into a topological generally covariant action (which describes the pnre 
gange conhgnrations) plus an action proportional to as- We have expressed 
it in terms of a complicated, albeit local, Lagrangian that contains a (non¬ 
positive) 4D metric and a spin-2 self-dual tensor. It appears to be diherent 
from Lunev’s gauge invariant formulation of 4D SU{2) [^]. Restricting to 
zero instanton number, the metric becomes conformal. Thus, the sector of the 
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SU{2) theory with a trivial gauge bundle can be transformed into a theory 
with a local Lagrangian with 6 degrees of freedom - hve from the spin-2 self¬ 
dual tensor and an additional degree of freedom from the conformal metric. 
We intend to elaborate on this description in a later paper . 


It is an interesting algebraic problem to express the Lagrangian for 
general SU{N) in terms of local gauge invariant variables in such a way that 
is suitable for a large N expansion. 

It is also interesting to relate the Lagrangian m to the Hamiltonian 


approach of |] 23 , ^ 


Finally, for the 3D theory, in a recent work Das and Wadiap^ have 
generalized Polyakov’s result and have shown how “dressed” monopoles 
generate conhnement. It is interesting to extract from the Lagrangian ( 0 ) 
that part of the action that corresponds to just integrating over the collec¬ 
tive coordinates of the monopoles in in (^) and compare to the full 

Lagrangian. 
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Appendix A: On the cohomology H‘^{SU(N)/U (1)^ 

From the hbre bundle 


, SU{N) 

l (93) 

su{N)/mif-' 


We obtain, by standard spectral sequence arguments, abasisfor iL^(S'17(Y)/f/(l)^ 
Z^~^. Let the {N — 1) U{l)-s correspond to a Cartan torus, which is gener- 


22 















ated by T*, i = 1,..., iV — 1 in the Cartan subalgebra. We choose 


so that 


_ 


/o 
0 
V 0 




0 \ 
0 
0 / 


N 


tr{T*Tn = W- 

L J N 


( 94 ) 


(95) 


We construct the i-th generator of as the Chern class of the projection 


SU{N) SU{N) 
W 0 ^ f/(l)^-i 


where Wi is generated by the e*^-s with T is the Cartan subalgebra such that 
tr{TT*} = 0. To write the Chern class explicitly let 

= ii{Tg-^dg}, g = gh for h e W O Zjv (97) 

A(i) is a one-form held that is well dehned for g = gh when 

h G Wi 0 Zjv (98) 

and transforms as a U{l)i gauge held for h G 77(1)*. The two-form is 
the desired Chern class 

= tT{T\g-^dg) A {g-^dg)} (99) 

which is well dehned for g = gh with h G 77(1)'^“^. Standard spectral 
sequence arguments show that the 77^9 span and that = 0. Since 
every map from a two dimensional CW-complex to another CW-complex 
can be homotopically pushed to the two-skeleton of the target complex, we 
see that the maps / from the torus to SU{N)/U{1)^~^ are characterized by 
the TV — 1 integer classes of on the torus. 
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Appendix B: On SU{2) gauge invariant expres¬ 
sions 


We are given an expression of the form 

R = s;;l,(F)a,Ftd,F^ + ( 100 ) 

where and are local algebraic expressions in F“ with 

a = 1, 2, 3 an SU{2) index and i = 1,..., (with K = D(D — l)/2 for 
our purposes). Supposing that R is gauge invariant under local gauge trans¬ 
formations which transform the as 


Our goal is to write ( p.0CI|) in a manifestly invariant form, i.e. 

'y {a.).uu^(a) F ^ ) Q{a),FLV^(a) 
(a) (a) 


( 101 ) 

( 102 ) 


where '00(^a),FiviQ{a){p),Fi>^i '^{a) and <^(q,) are gauge invariant algebraic expressions. 
By substituting (|101|) in (|100|) it is clear that for each fiu 






(103) 


(where now we treat F^^(t) as depending on a single parameter t) is also gauge 
invariant. So our hrst task will be to write (|103|) as 

X/ 2(a),fj.u-^'&{a) (104) 

(a) 

We then subtract from R 


(105) 

(a) 


The resulting expression does not contain second derivatives and is still gauge 
invariant. Thus the problem reduces to writing invariantly the two separate 
expressions: 


W{t) 

« Wt(F)jF- 

(106) 

S{x^) 


(107) 


We will separate the discussion to K = 3 and K > 3. 
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Three field strengths: K = 3 

In this case the matrix is a 3 x 3 matrix and is generically invertible. 


Denote the inverse by Rf 



R- 



A 

= = det(F) 


F^R^^ 

= 


pa pb 
i i 

= 


We can now write 



wr = 


(108) 

Qa,6 

/ QC,d J3C T}d\ T7a rpbdef q pa pb 

)^k - ^ijkl,tiu-t^k 

(109) 

The newly dehned quantities Wik, Sijki^^v are algebraic gauge invariants 
the gauge invariant expressions (1061-107) read 

Now 

W{t) 

= Wi,(F)Ftj^Ft 

( 110 ) 

S{x^^) 

= Stju^pF)FSF,^a,F‘a,F} 

( 111 ) 

Sijkl,fiu 

Sjilk,ufi 

( 112 ) 

Now we use gauge invariance (and the symmetry of S) to obtain 



= 0 

(113) 


0 ^abc Tpa Tph _ n 

(114) 


where in the second equation we used the fact that Fj’ is (generically) a 
nonsingular matrix, and also that d^Fj is generic. Finally, since 

^abcFaFbF- = (115) 

and generically A 7 ^ 0 we obtain 


W,k = Wh 






s 
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Using 


( 116 ) 


we can write 


T i T~^a 

ij — 


W(t) = = in'-i(F)^T.i 

S)!") = ^Siju.„AF)d^T,AT,j 


Which is explicitly invariant. 


(117) 

(118) 


More than three field strengths: K > 3 

We will limit ourselves to lU(t). The other invariant S is manipulated simi¬ 
larly. Dehne the 3x3 matrix 


M^bdgpaph 


It is generically non-singular. The inverse of a 3 x 3 matrix M is given, by 
the Cayley-Hamilton theorem: 



= i(M2-tr{M}M +^(tr{M}^-tr{M2})I) 

(120) 

A 

= det(M) = -tr{M3} - Wr{M}tr{M2} + Wr{M}^ 

3 2 6 

(121) 

and using this 

i we can write 




(122) 

So dehning the gauge invariant algebraic expression 




(123) 

we get 

W(t) = 

(124) 

Since W{t) is 

supposed to be gauge invariant we have 



W^ue’^^'^F^Fl = 0 

(125) 
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for c = 1,2,3. We can decompose Wik into symmetric and anti-symmetric 
parts 




When we ping the symmetric part into W{t) we get the gange invariant 
expression 


IV®>(«) = = hvAF)jTu. (126) 


So from now on we will assnme that W^k is anti-symmetric, Wik 
Dehning 

DC def abc t? CL Tpb 


-Wk^. 

(127) 


which is antisymmetric in ik. ( |125|) expresses the fact that the K{K — l)/2 
vector Wij is orthogonal to the three vectors We need a projection 

operator on the space that is orthogonal to Snch a projection operator is 
given as follows. Snppose Wij is anti-symmetric bnt not necessarily satisfying 
( 125|) , then 


where 


Vij = Wij — 3fi ^WkiKkimKijm (128) 

^klm^klm (^ 29 ) 

Ti2 (130) 

Ki23 (131) 


If Wij satishes ( |125| ) then Vij = Wij. Fnrthermore, for any Wij, not necessar¬ 
ily satisfying (|125|) we have VikV'^'^F^F^ = 0. Thns it has to be that for any 
Wij the expression VikFj^j^F^ can be written in a manifestly invariant way. 
This is indeed so. Define 

TT T' T' _ 

^ij ^ik^kj ^)ij 

'l~' 'l~' 'l~' _ 

ij -^ik-^kl-^lj )ij 
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T T,, = tr{T} 

U Uu = tT{T^} 

G G,, = tr{T3} 

H 11/ - 3UT + 2G = Q det 

P,/=V(G,,- - + 1(T2 - f/)T,,) 

Pjj is a projection operator and satisfies 

D , pa _ pa 

Now we can write 

= {W,,-3^l-^WulKumKi,m)F^J^F^ 
= —‘^PikWij—Tkj + 6iJ.~^{TimKmik — -TKiik)Wij—Kkij 

which is written in terms of local invariant objects. 


(132) 

(133) 


(134) 


Appendix C: Expressing C in terms of 
and 

In appendix (B) we described in general how to write SU{N) Lagrangians 
like (0) in gauge invariant variables. We saw that the D = 3 case is simpler 
because the field strength G^^^, can be thought of as a 3 x 3 matrix (three 
values of a, and three values of pz/). In higher dimensions, D > 3 this is 
not the case and we had more complications. However, for P = 4, we have 
seen in section (5), that when passing to the special metric (^), the field 
strength becomes self-dual. Thus, given the metric, there are only three 
linearly independent fiu-s, and P“,^ is effectively a 3 x 3 matrix. 

We shall now describe in detail how the invariant Lagrangian is obtained. 
We start with the topological part of ( 0 ): 


Since the topological part is independent of the metric we pick our special 
induced metric and write 


C 


topo 


2^pp,u,a^Q — l'^ab ^bce'^ pra^e 




where is the covariant derivative with respect to that metric. We substi¬ 
tute our covariant expression for obtain 


topo 

Cl = 
C 2 = 

Cii = 
+ 
-h 
-h 



1 

2 

1 

4 

1 

4 

1 

8 


pfj.v,ap^'y,apb ^pT(7,ep^'y,cpd ^^pap,d 


ppu,ap^1,apb 


piJ-pal3,apb^^bces;^^pTa,ep^'y,cpd ^^pap,d 




It is tedious though straight-forward to check the identity 


We use it to express £2 as 

£2 = £2 + ^<hV'^V^<h - i?<h 2 + 

- - lRpu.rW^\pW'^^^^ 

4 o 

_ ^^paf3p^^^pb^^^par,b _ ^^^p^^ph^^^p.r,b 
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where i? is the curvature: 


Ra/S'yS — 9S^j.{da^fi^ + ^aa^l3y ay) 

R-aP d'^ RayPS 

R = g^^Rap 

Now we repeat the arguments of appendix (B) for the D = 3 case to argue 
that if an expression of the form 


is gauge invariant, it can be written as 





4 ^ 



where 





h 

def 

dfiaQur Q^irQua H“ '\/9^fiuar 


$ 

_ 

^ fii/ar Tpa rpa 




2A^ 


^flVUT 

def 

fiuar “ 1 “ ^^fiuar 


(136) 


In order to express our Lagrangian in a suitable form we need two more 
identities that can all be induced from the 3x3 nature of the matrices 
involved (see e.g. appendix (D)). For £3 we need 

(137) 


with 


^ ^T,ay,ap 

)aPTygt<-<P ~ )aPTcr9t^'l ~ )aPfiy9-r<^ + ^ 6 ^^ )aPiJ.a9Ty 

1111 

aPryQ^lcr 3“ '^^^^apraQ^ly R ^*^hFci/9/i7fi'T(T ^*hlFQ,^^o-fl'T7 

3“ (t*^ „„ (IF ))(^hctpTy9tJ-cr haPTcr9tJ-y haPfiy9Tcr ha,p^a9Ty) 

4 izo 
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(H/2) “t/ 

For £2 we need 

5“^ = (138) 

- ^4Hw + ]1(4'" - ^{W^))K.,r (139) 

Putting everything together we get the expression fo the Lagrangian: 

o io 4 o 

io o 

o o 

o o 

o io 

with 


Appendix D: Expressing i> in terms of W, 


pLvar 


Wpuar and $ are dehned as 


W = pa pa 

yy liuar ^ pu-y (TT 


24^/^ 


^'''F%Fp(g,,g UT g^irdvcr + v^e ^V(Jt) 


<f) ^ _ fii^arpa ™ 

24^ "" 


Dehne the 3 x 3 matrix 


-\ /rab*^^f _ fiuar rpa rpb 

~8^ 


(140) 
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It is easy to see that 


det M = 


A 




= 1 


(141) 


Let Ai, A 2 , A 3 be the three eigen-values of M. Then 


$ — ^(-^i + A2 + A3) 

1 = A1A2A3 


thus we need two more relations among Ai, A 2 , A 3 to determine <h. Using the 
self-duality of W we have 

= trjM^} - 3 $^ ( 142 ) 

lb 4-^/ g 


From a similar equation for tr{M^} 

tr{M3} = + 3$' 

o4 lo 

we hud that $ is the solution of the cubic equation 

<F^ - Ad* - B = 0 

with 


(143) 


(144) 


A = 


32 


fii/ar 


B = 1 - —lU^"""lU^.“^lU«/3o 
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